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Exercise 1 Elastic equilibrium condition in a two-phase material

We want to demonstrate that the volume average stress in a solid at equilibrium under the
condition of zero exterior forces is equal to zero.

[o,dv=0
Q

We have the following conditions:

i) Ou = O where ™ represents the normal to the surface.

P _
i) Ix, : the solid s equilibrium condition (equation 3.26 of the course)

For the demonstration, we use a small calculation ansatz.

dx,
[o,dv=]0,8,av= o, S Lav
Q Q Q X (1)

By integrating by parts, the expression (1) becomes:

_[Gr‘k ?dv = IXJ-O';;; as, - .[xf' (;Gfk dV = Iij'H‘nk dS—IxJ_ 90 dv
Q

Xy > Q X T Q i (2)

The surface integral is 0 because of condition i), and the volume integral is also 0 because
of the local equilibrium condition ii).

Q Q

For a two-phase composite material containing a volume 2 of

phase 2, we can write:

1of phase 1 and a volume

Iaf‘dV=0=&I0'i,dV+&Iai.dV
Q ' Qlﬂ ’ QZQ ’
1 2 (3)

o Jo,av=(c,)
and thus by posing ~ ' @

1
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Q (4::1'5,.)1 +§22<(:$',.J,.>2 =0 @

By dividing (4) by € and rewriting in terms of the volume fraction ( f) of phase 2, we get:

(1- £){o;),+ f{c;), =0 (5)

This formula can be generalized to a multi-phase material made of n phases:

an <0'g >,i =0
" (6)
Exercise 2 Strain tensor: cylindrical and spherical coordinates

The length of a segment after distortion is given by:
dx’ =dx+di

Following the equation (3.17) of the course

dl”—dl* = 2d%dii = 2u,dx dx,

We want to write the tensor uj in the new basis (E”Eﬂ’éz) :
dxl

dx =| dx, |=dre, +rdBe,+ dze,
dx’.‘.

Due to dimension homogeneity, the new variables are:
dr, rd@, dz

U=ue, +ue,+ue,
du =du.€, +duye, +due +u.de +uy,de, +u.de,

dé, = dOé, dé,=-doé dé,=0

We differentiate with the new coordinates (like in equation 3.3 of the course):

du, = 2% gr + P gg 1+ M g
or d0 0z

du du du

du, = Sdr+ —do+—2dz
dar 20 7
du =2 g+ P g e g

“or d0 Jz

and thus:
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du lou u ou
dxdu = rd?' —— 2 \rdrd@ + —~drdz +
. or [ra r)rr‘ 0z ree

+ % rdrd6+(l Oy | 1, ) 206° + 2% 1d6dz +
r rado r 0z
N du , 1 du, %dzz
or r 08 0z
aur (1 auﬂ ur) auz
urr = uﬂ& ==t u,=
or ro r “ 90z
1du, u, oJu Jdu Ju 10u, Jdu
Iy = ——r_"6 4770 Iy =—" L oy =28
“ro [rc?ﬂ r+8r) “r 8z+6'r o (r89+3z)

Using analgous derviations for spherical coordinates, the new variables are:

dr, rd@, rsin0d¢

1 Ju,

WA Y “_] S S

or Lr 0 r 7 rsin@ dp r r(1g6)

1o, u, Ou 1 u, 3u u 1(/0u, u
2,y = ——f——‘*+—9] 2 —=2 0 2ug,=—|—=2—-—2
o (r M r o Hro™ rsch?(p r Hog <69 tg6
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